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MATEMATHUYHA MOJIEJIb
MITPAIIIL BABPYTHEHHS B EKOJIOI'TI
3 PO3IJISIIOM AJICOPBIIMHUX ITPOLIECIB

AHoTauifa. MogentoBaHHA NpPOLECiB Mirpauii TOKCUYHMX PEYOBUH Y IPYHTaX Mae BenuyesHe 3Ha4YeHHs ans
3abea3neyeHHs ekonoriyHoi 6e3nekn gOBKINMA. Y nitepaTtypi npeacTtasneHo 6e3niy mogenen onmucy npouecis
Mirpadii, ane BOHW MEepPeBa)XXHO MalTb TEOPETUYHUIN XapakTep i He niggarTbCa peanisauii Ha npakTuui.
IHWKI knac mogenen 6a3yeTbCA Ha NPUMYLLEHHI, WO npouec akymynauii 3abpyaHeHb Yy rpyHTax MOXHa
onucaTy PiBHSHHSAMM NS ONUCY XiMIYHUX MPOLIECiB NepLUOro, ApYroro, NCeBAO0 APYroro Ta BULLMX NOPSIAKIB.
Y Takux Mopensix npouec B3aemofii nontTaHTa 3 r'pyHTOBMM CEpefoBULLEM BPaXOBYETHCS 3 TOUKM 30pYy
XiMiYHOT B3aemogii, ane 30BCiM He BPaxoBYKTbCA AMAY3iHI NpouecK, Wo MalTb Micle nig Yyac npouecis
Mirpauii. Y po6oTi npoaHanizoBaHo npobrnemu 3abpyAHEHHS HaBKOMULIHBOMO CEPEedOBMLLA BaXKKUMM
MeTanamu, MiHepanbHUMK O06puBaMun sk JKepenamu BaXkKKMX MeTaniB, OUiHEHO CTyniHb 3abpyaHEeHHs
BaXXKMMMW MeTanamu Ta aHTponoreHHe 3abpyaHeHHs 'PyHTOBOrO NMOKPMBY, ONUCAHi MEXaHi3MN HaKOMUYeHHs
pOoCnMHaMM BaXKNX MeTaniB, HOPMyBaHHS TOKCUYHUX PEYOBUH Y I'pyHTi. PO3pobrneHo matematuyHy Mogenb
ONs NPOrHO3yBaHHA Mirpauii BaXkkMx MeTaniB y IpyHTOBOMY CeEpedoBMLL 3 ypaxyBaHHsAM agcopouii.
3anponoHoBaHa Mofernb [103BOSISiE NPOrHO3yBaTK PO3NOAiN KOMMNOHEHTY Ha Mexi po3ainy da3s TBepae Tino-
pianHa y 6e3po3mipHiin BUCOTi wapy copbeHTy 3 ypaxyBaHHAM npouecy agcopbuii. PospobneHa mogens
agjekBaTHa Ons 30BHiWHbOANGY3iNHOT obnacTi. BpaxoBytoun, WO BCTAaHOBEHHSA piBHOBarn agcopbuiiHoi
cUCcTeMM CYyNnPOBOMAXKYETHCA NpoLiecamm agcopbuii Ta fecopbuii KOMNOHEHTY B LWapi copbeHTa, y ANHaMiIYHNX
ymoBax agcopbuiriHmin npouec byae ycknagHioBaTUCS MAPOANHAMIKOK PyXOMOro MartepianbHOro nNoToKy B
wapi copbeHTa. EkcnepnmeHTanbHi 4OCNiAXEHHA npouecy agcopbuii KaTioHIB BaXKkux meTaniB y anaparTi
KOMMOHHOrO TMMy MoKa3anu, Lo npouec BiabyBaeTbCsA y 30BHILWHBbO AMYy3inHin obnacti. Kputepin bio B
yMoBax eKkcrnepuMeHTy ctaHoBuB Bi=900, koediuieHT andysii D=2,3-10"° m?/c, koediuieHT macosiggadi
B=3:10° wm/c. TOpiBHSAHHA eKcnepuMeHTanbHUX Ta TEOPETUYHMX [AaHWUX MokKasano Xxopouwy 30iKHICTb
pe3ynbraTtiB Ta afdekBaTHICTb MaTemMaTW4HOI Mogeni Ans il 3acTocyBaHHA Ans 6a3oBOro anroputmy y
nporpamMax Ans MOAEenBaHHs CTaHy LOBKINMs.

KnrouoBi cnoBa: Baxki metanu, mirpauisi, agcopbuisi, rpyHT, MatemaTuyHa Moaerb.
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MATHEMATICAL MODEL OF MIGRATION OF POLLUTION
IN THE ENVIRONMENT WITH CONSIDERATION OF ADSORPTION PROCESSES

Abstract. Simulation of the processes of migration of toxic substances in soils is of great importance for the
environmental safety of the environment. The literature presents many models of description of migration
processes, but they are predominantly theoretical and can not be implemented in practice. Another class of
models is based on the assumption that the process of accumulation of soil contamination can be described by
equations for the description of chemical processes of the first, second, pseudo second and higher orders. In
such models, the process of interaction of the pollutant with the soil environment is taken into account from the
point of view of chemical interaction, but does not take into account the diffusion processes taking place during
the migration processes at all. The problem of environmental pollution with heavy metals, mineral fertilizers as
sources of heavy metals, the degree of contamination by heavy metals and anthropogenic contamination of
soil cover, the mechanisms of accumulation of heavy metals by plants, and the valuation of toxic substances
in the soil are described. A mathematical model was developed for predicting the migration of heavy metals
in the soil environment, taking into account adsorption. The proposed model allows to predict the distribution
of the component at the interface between the solids and the liquid in the dimensionless height of the sorbent
layer, taking into account the adsorption process. The developed model is adequate for the external diffusion
region. Taking into account that the establishment of the equilibrium of the adsorption system is accompanied
by adsorption and desorption processes of the component in the sorbent layer, under dynamic conditions the
adsorption process will be complicated by the hydrodynamics of the moving material flow in the sorbent layer.
Experimental studies of the process of adsorption of heavy metal cations in a column type device showed
that the process takes place in the exterior diffusion region. Bio criterion in the experimental conditions was
Bi = 900, diffusion coefficient D=2,3-10-"° m?/s, coefficient of mass tansfer $=3-10° m/s. The comparison of
experimental and theoretical data showed good convergence of results and the adequacy of the mathematical
model for its application for the basic algorithm in environmental modeling programs.

Key words: heavy metals, migration, adsorption, soil, mathematical model

Introduction

One of the key points of modern environmental
regulation is the idea of the soil as a deposit-
ing and buffer environment on the path of man-
made streams of harmful substances, in par-
ticular of heavy metals (Ltifi et al., 2017). This
protective biosphere function of the soil has a

barrier character in general, because at a dis-
tance of several centimeters of soil profile, acid
and oxidation-reducing conditions, carbonate
content can change significantly. The adsorption
properties of the soil are equally important, as a
result of which the largest amount of metal cat-
ions is concentrated in the upper layers of the
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soil. Typically, soils with high adsorption capac-
ity due to the content of organic matter and clay
minerals are highly buffered in terms of trans-
location and water migration of such dangerous
elements as Pb, Cd, Cu, Zn, Ni, Co, and oth-
ers. Despite the reversal nature of ion-exchange
processes, the desorption of soils absorbed by
heavy metals in the natural environment is very
weak and is determined primarily by the acid-
ity of precipitation and soil solution. The main
mechanisms of soil functioning as an adsorption
barrier can be considered as ion exchange (with
alkaline earth, alkaline and hydrogen leaching)
and specifically sorption (with leaching of H +)
(Burghardt & Schneider, 2018). Reactions of ion
exchange of heavy metals and H + in soils are
reversible. The absorption of heavy metal cat-
ions is accompanied by the removal of hydrogen
cation from the so-called The soil picking com-
plex, which is represented by aluminosilicates,
humic and fulvic acids, leads to a decrease in
the pH of the soil solution (Hunt et al., 1984).
This, in particular, reduces the ionization of the
groups -COO- and the negative charge of the
colloids, the strength of the cations to the soil
and influences the absorption of soil nutrients
(Osmani & Bani, 2018). When the soluble metal
salts (chlorides, nitrates, sulfates) enter the soil,
the changes in the hydrolytic acidity of the solu-
tion are imposed on the process of diffusion
(migration) (Volesky, & Holan, 1995).

The purpose of the study is to develop an
adequate mathematical model for studying the
processes of migration of toxic emissions in the
soil environment, taking into account adsorp-
tion and experimental study of the migration of
heavy metals by soil profile.

Methodology and equipment for con-
ducting experimental research

To investigate the mechanism of migra-
tion of heavy metals in the soil environment, we
consider the zone with the concentration C' =
const on the surface of the soil. The distribution
of matter takes place in a stationary layer of soil
with a porosity € = 0,4. Medium pores are filled
with water. To study migration of heavy metals
in the soil environment, kumpanum sulfate was
used. To ensure a constant concentration of Cu*
on the surface of the soil, 50 g of salt was added
to the measuring cells.

From the container, with the pipette,
remove excess liquid (saturated solution) and
filter. Select 5 ml., filtrate and analyze it (Ure,
1990).

Samples of soil are taken at a depth of
1,5,10, 15, 20 and 25 cm from the surface.

Weigh is weighed, placed in a 250 ml
flask. and 100 mL of distilled water was added.

Method of determination of Cu?* in
solution. The following reactions are the bases
of the determination

2Cu +41 + 22Cul 4+ +1,
%

2Cu +41" +e22Cul L +1,

2 < E° _
_ _ cu*ticul
Yar 20 v00r 221, +2¢
« «—
0
=086B.E , =0536B

1, +28,0 221" +5,0,
&

To reduce the flow of KI to the copper
(I) solution add a mixture of KI + KCSN. At
the same time, the following reaction proceeds

2Cu® +21~ +2CSN~ 2 2CuSCN 4 +1,
e

Starch solution is the indicator.

Progress of analysis. In a flask with the
analyzed solution Cu?" add 10 ml of IM solu-
tion of H2SO4, 10 ml of K1 + KSSN mixture
and immediately titrate with sodium thiosulfate
solution until the transition of the yellow-brown
coloration to light yellow. Then add 5 ml of
starch solution and continue to titrate until the
transition of the blue color to the lilac (pinkish-
white color of the CuCSN precipitate). Record
the volume of thiosulfate sodium spent on titra-
tion, and calculate the amount of copper (II) in
solution.

1. Physical model of the process of migration
of heavy metals in soils

The process of migration of heavy metals in the
soil is divided into several stages:

— diffusion of solvent molecules to a
source of pollution;

— solvation of heavy metal ions;

— dissociation of the compound from the
area of C = Cs to C = C1, with 0 <C1 <Cs.

When dissolving the compound in the sys-
tem there are mutually opposite flows — the flow of
of the dissolved substance and the flow of sol-
vent. When crossing these two streams, a diffu-
sion resistance is created, which slows down the
process of mass transfer of the component in the
volume of the soil environment.

When dissolving compounds of heavy
metals, depending on the product of their sol-
ubility, to a greater or lesser extent, there is a
change in the density of the liquid. The gravity,
surface tension and intermolecular interaction
of water molecules and solvated heavy metal
ions with the pore surface, i.e., adsorption, and
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friction forces, are applied to the liquid. Since
the diameter of the pores is quite significant
- de=2-10'3 m, then the forces of surface ten-
sion can be neglected. In the conditions of the
task set for the study of migration of heavy
metal components in the soil environment, the
concentration of CuSO, is 3450 kg / m®, and
the difference in the densities of the saturated
solution and pure substance p —p =110 kg/m’,
which means that the flow will have a signifi-
cant effect of the acceleration of the earth’s
gravity. Consequently, the hypothetical migra-
tion of a component in a soil environment in
the negative direction of the Z axis will pass
through the mechanism of turbulent diffusion.
In the case of diffusion in a horizontal direc-
tion along the x and y axes, the gravitational
contribution will be somewhat reduced, and if
we consider a section of infinitesimal height
with respect to the Z axis, then the effect of
gravity forces will be leveled. Thus, one can
expect the process to pass through the mech-
anism of molecular diffusion. When diffu-
sion of a component from a thicker soil to its
surface on the solution will be significantly
affected by gravity, and at C=Cs, that is, at the
upper boundary of the layer of salt will create
significant resistance in the diffusion of the
component, which reduces the motive force of
the process.

Recently, much attention is devoted to the
development of effective numerical schemes for
constructing approximate solutions of problems

of migration of impurities with dominant
convection. In this case, solutions of tasks
can have internal and boundary layers - very
narrow areas, where the solutions themselves
and their gradients change sharply. As a result,
numerical solutions based on the Galerkin
scheme, where the sampling parameter is too
large to take into account all these layers, can
strongly oscillate throughout the definition
area. In order to achieve a satisfactory
approximation, you must use the values of
the sampling parameter to be proportional to
the ratio between diffusion and convection.
In many cases, such an approach leads to an
enormous amount of degrees of freedom, and
thus to the impossibility of effectively finding
a numerical solution. Therefore, many authors
proposed different counter-flow schemes of the
finite element method (FEM), which are based
on the addition of a certain amount of artificial
diffusion in the direction of flow to the original
numerical circuit. The most widely used anti-
flow scheme of the Petrova-Galerkina method
and approach based on the concept of functions-
bubbles. Recent studies [20] suggest that these
approaches are equivalent.

An important point in assessing the migra-
tion of heavy metals is the mathematical interpre-
tation of the process, which allows really calculat-
ing the rate of penetration of heavy metals into the
environment.
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Fig. 1. Cxema mirparii BOAHOTO pO34MHY BaKKHUX METAJIB Yy IPYHTI

Z — the calculated layer of soil; F —area unit, m?; v_— velocity of the VM solution m /'s;

q,, — specific costs of a solution of VM with a concentration of C.
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The process of diffusion of heavy metals by
a system of equations to be described:

2
oc_poc
or oz’
€0.0)=C,
C(0,7)=0 )

(5_(7) ~0
aZ z=00

Having applied the method of separating
the variables for the solution of this system, taking

a’*=D , we obtain the value of concentration at
the time 1 at a distance Z from the surface of the
soil (Gumnitsky at al., 2009).

C(z,7)= I "’“[C cosAZ +C, sm/"LZ]d/l (2)

0
where A — constant ones that need to be found for a
given differential equation.

By integrating the equation over A in the
range from 0 to co and substituting the constant
integer values C, and C, into the equation, we
obtain:

0

lje’”% “qﬁ(a)cosl(a—Z)da]dl (3)
U —»
Having made a substitution al«/7 =x

a \/g B we calculate the following

K(p)=[e "

fcosA(a—2)dA

K(B)=""e * (4)

If substitute (4.4) to (4.3) we will obtain the
following:

j ¢ cos M — Z)dA = —
0 2a

If substitute (4.5) to (4.2) we will obtain the
following:

( ) 1 © ( ) 7(27(/7)2 7(27(/7)2 (6)

c(z,r)= fl(p)e da’c _ o dd’c do
2a~nr ;';

where @, o — constant ones that need to be found for a

given differential equation.

After integrating equation (6), by substituting
the initial conditions, we obtain an expression
for determining the concentration of the released
component at a distance Z from the surface of the
soil at the time t:

Cc -C Z L
n =er by substituting to g% = D
C, / ( 2ar j Y B0

we will obtain:

Cn _CO
— =ér
&=

n

)

whereof C=C,, (1 - e”f( 2\/2—7 jJ (7)

Atthe initial time T, the mass of the dissolved

heavy metal salt M =FdZ-C,,, where
F — is the surface area of the particle of the heavy
metal salt.

Atthe timet M =FdZ -C,,

M =jFr

My-M =M,-jFr

Given that the density of the mass flow is:

oC
Jr :_D(ézj & F (8)

where € — porosity of the soil.

The solution will look the following:

C, cno——ff 9)

Average concentration of metal ion in the

soil solution C* :ﬂ

&



ISSN 2617-4170 Mathematical Model of Migration of Pollution in the Environment ... 177

(10)

2 fD
CH :CHO_F' ;\/?

By substituting expression (10) to (7) we
obtain an equation for calculating the concentration
of heavy metals at a depth Z from the surface of
the soil

2 |D z
O T R

The mass transfer process of the released
component runs smoothly, in the form of the so-
called diffusion front, in a zone of length 1=Z,
which, in the experiment, is limit'ed to the overall
dimensions of the measuring cell. At the initial time
in all areas of the measuring cell, the concentration
of the target component will be zero.

The change of the diffusion front in time is
the curves for the distribution of the concentration
of the released component in a solution placed
in the pores of an inert medium along the length
1 of immovable layer of wet granular material,
with 1,<t,<t, ...where <t is the time. Taking
into account that the establishment of system
equilibrium is accompanied by processes of
adsorption and desorption of a component in
a sorbent layer, under dynamic conditions the
adsorption process will be complicated by the
hydrodynamics of the moving material flow in the
sorbent layer (Harmsen, 2017).

The distribution of adsorbate in the
sorbent layer was calculated by the following
equation:

- C gy fome

c, 2 4 (1 1
3°\Bi 5

where C and C — the initial and running concentration

(12)

of adsorbate in solution; p_— the roots of the

characteristic equation; Fo — Fourier criterion;
D, - . . .
Fo= ;th ; D — diffusion coefficient, m%s;
oDx
w=(1+4)—— (13)
UR

A — parameter that considers the phenomenon of
adsorption. For processes that are not accompanied by
adsorption A=0; x — height of the layer, m; R — particle
radius, m; v — flow rate in the layer; o — porosity of
sorbent, m*/m?.

2. Experimental studies of heavy metal migration
Investigation of the mechanism of migration
of heavy metals in a soil environment with a
concentration of C, = const on the soil surface was
conducted according to the procedure described in
section 2. The distribution of matter occurs in a
fixed layer of soil with porosity & = 0,4:

— from the surface of the measuring cell to
the volume of the medium in the negative direction
of the Z axis;

— along the horizontal plane of the cell, that
18, in the direction of the X axis;

— from the bottom of the cell to the surface,
that is, in the positive direction of the Z axis.

Medium pores are filled with water. To study
the migration of heavy metals migration in the soil
environment, kurpum sulfate was used. To ensure a
constant concentration of Cu** on the surface of the
soil, 50 g of salt was added to the measuring cells.
Experimental studies of the adsorption process of
heavy metal cations in the experimental conditions
have shown that the process takes place in the
exterior diffusion region. The Bio criterion in the
experimental conditions was Bi = 900, the diffusion
coefficient D=1-10""m?/s, the coefficient of mass
return 3=3-10°m/s [2]. Comparison of the calculated
data and experimental results on an example of
adsorption of Cu (I) ions is shown in Fig. 2, 3, 4.

Analyzing the data of experimental research
with the help of the solution of the mathematical
model, the value of the diffusion coefficient Cu?*
in the soil environment on the vertical profile was
obtained in the negative direction of the coordinate
axis Z — D=2-10° Fig. 2. This indicates the
migration of the component in the soil environment
by the mechanism of turbulent mass transfer.

Distribution of Cu?* concentration on the
profile of the soil along the horizontal plane of the
cell in the direction of the X axis at t = const, fig.3.
It also passes through the mechanism of turbulent
diffusion, which indicates the value of the diffusion
coefficient — D=1-10". This is explained by the
fact that the solution, which diffuses in the pores
of the soil environment, is significantly heavier
than water, and the gravitational force will have an
effect on the velocity of the diffusion front.

The results of the study of the migration
process of the component up along the soil profile
indicate that there is a molecular diffusion of the
dissolved component in the soil environment,
although the process will be slowed down by the
force of gravity and hydrostatic pressure of the liquid
in the pores of the soil environment. Coefficient
of diffusion of Cu?" in the soil environment on
the vertical profile in the positive direction of the
coordinate axis D=2,27-10" (Sabadash at al., 2017).

The calculation of the value of the mean-
square deviation showed that this value varies
within 5-7%.
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Fig. 2. Distribution of the concentration of Cu®* by the profile of the soil from the surface
of the measuring cell in the volume of the medium in the negative direction of the Z axis at t=const,
bottom, where m—1=3, A-1=6, D=2-10"°.
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Fig. 3. Distribution of the concentration of Cu?" by the profile of the soil along the horizontal plane
of the cell in the direction of the X axis at t=const, bottom,
where m— =1, *- 1=2, 0- 1=3, A- =6, D=1-10".
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Fig. 4. Distribution of the concentration of Cu®* by the profile of the soil from the bottom
of the cell to the surface in the positive direction of the Z axis at t=const, bottom,
where m— =1, o-1=3, x- =30, D=2,27-10"'1,
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Conclusion model with experimental data points to the validity of
Comparison of theoretical and experimental data  the simplifications introduced and allows prediction
indicates a satisfactory convergence of results. The  of the time and speed of migration of soil contamina-
correspondence of the developed mathematical tion with sufficient accuracy for practical purposes.
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